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S T A B I L I T Y  OF D E F O R M A T I O N  OF V I S C O E L A S T I C - P L A S T I C  BODIES 

A.  N. S p o r y k h i n  

Z h u r n a l  P r i k l a d n o i  M e k h a n i k i  i T e k h n i c h e s k o i  F i z i k i ,  Vol. 8, no.  4, pp. 5 2 - 5 8 ,  1967 

There have been many studies of the stability of plastically deform- 
able media. Specific problems are solved in [1, 2], etc. In these 
studies it has been assumed that the process of loss of stability can be 
investigated in the quasi-static formulation, i . e . ,  an attempt is made 
to find the values of the external loads at which, together with the 
unperturbed equilibrium mode, the adjacent perturbed equilibrium 
state is possible, the transition from the unperturbed to the adja- 
cent pert~bed state being assumed to take place without unload- 
ing. 

The results thus obtained are in agreement with general experimental 
concepts. 

Below it is shown that the use of the model of a viscoelastic-plastic 
hardening body leads to a process of stability loss in which the material 
is plastically deformed, which justifies the use of the tangent-modulus 
formulation. 

It is established that if the external loads are conservative, then for 
viscoelastic-plastic bodies loss of stability will occur in the static in- 
stability mode. 

The stability of systems under creep conditions was previously exam- 
ined in [3-8]. 

1. Le t  u s  c o n s i d e r  the  v i s c o e l a s t i c - p l a s t i c  body 
whose  m e c h a n i c a l  m o d e l  is  shown in  F i g .  1. T h e  r e l a -  
t ion  b e t w e e n  the s t a t e s  of s t r a i n  and  s t r e s s  in th is  
body a r e  d e t e r m i n e d  in  c o n f o r m i t y  wi th  [9]. 

The  body r e m a i n s  e l a s t i c  as  long  as  

s~js~ ~ k ~ (0), s~ = ~i  ~ ~ / s ~ 6 ~ ,  (1.1)  

w h e r e  

~ : ~,e~e6~i --[- 21x%% ( 1.2) 

I f  s i j s i j  -> kZ(~), then  

e~i = e i i  e --~ eiiP , ~4 = e~V% v . (1.3) 

In  th i s  c a s e  the e l a s t i c  s t r a i n s  e v  e a r e  r e l a t e d  to 
the s t r e s s e s  by H o o k e ' s  l aw (1.2).  ~ a e  p l a s t i c  s t r a i n  
r a t e s  a r e  

e ~  ~ O ,  if ( s i s  - -  ceiiP ) (slj  - -  ceijP ) ~ k ~ ( u ) ,  

if ( s o - - c e o ' - - r l e i ~ ) ( s l i - - c e ~ - - ~ l e i ~ ) = k : ( •  (1.4) 

The  to ta l  s t r a i n s  a r e  r e l a t e d  wi th  the d i s p l a c e m e n t s  
by the  C a u c h y  r e l a t i o n s  

e~ = ~/~ (u~,i + ui. 0. 

T o  r e l a t i o n s  (1 .2 ) - (1 .5 )  i t  i s  n e c e s s a r y  to add the 
e q u i l i b r i u m  e q u a t i o n s  [10] 

[~:~ (6i~ q- ui, ~)] ,i -1- Xt = 0 .  ( 1.6) 

Le t  the s u r f a c e  f o r c e s  Pi be g i v en  on the p a r t  S F of 
the s u r f a c e  of an e l a s t i c - p l a s t i c  body and  the  d i s p l a c e -  
m e n t s  u i on the p a r t  S V, the q u a n t i t i e s  p. and  u. t e n d i n g  
to or  a s s u m i n g  the t i m e - i n d e p e n d e n t  valt~es p~ ~nd u~ 
wfth i n c r e a s e  in  t i m e .  

L e t  the s o l u t i o n  of the  s y s t e m  of e q u a t i o n s  (1 .1 ) - (1 .6 )  
wi th  t h e s e  b o u n d a r y  c o n d i t i o n s  be r176 t), eij~ t), 
ei jP~ t), ui~ t). We a s s u m e  tha t  a s  t i m e  i n c r e a s e s  

t h e s e  s o l u t i o n s  tend  to oij*(Xk), eij~ ), eijP~ ), 

ui~ 
In  what  fo l lows we wi l l  i n v e s t i g a t e  the s t a b i l i t y  of 

th is  p r o c e s s  wi th  r e s p e c t  to s m a l l  p e r t u r b a t i o n s  of the 
b o u n d a r y  c o n d i t i o n s ,  m a s s  f o r c e s ,  and d e v i a t i o n s  of 
the c o n f i g u r a t i o n  of the body f r o m  the g iven  g e o m e t r i c  
d i m e n s i o n s .  

W e  f ind the so lu t i on  for  the p e r t u r b e d  m o t i o n  in  
the  fo rm:  

~*i = ~00 (x~' t) + ai~ +, eli = % ~  t) + e~i +, 

% P = e ~ ~  t ) - [ - e ~  § u i = u i ~  t ) + u ~  +. (1.7) 

I t  i s  a s s u m e d  that  the s t a b i l i t y  of m o t i o n  can  be 
judged  f r o m  the l i n e a r i z e d  s y s t e m  of equa t i ons  which  
we ob t a in  by  a s s u m i n g  tha t  the  c o m p o n e n t s  wi th  a p lus  
s i g n  a r e  s m a l l  and  r e t a i n i n g  only  l i n e a r  t e r m s  of the  
e x p a n s i o n .  

In  the  p l a s t i c  r e g i o n  

: e~+ + e+ .. + 2ace.+, eli + ij + e~i+, % = Let:l; 6~3 - ~ 

(sis ~ - -  ce~ ~ - -  tie'iT]~ ) (s,i + - -  ce~ + - -  tie;r]§ ) = 

= 2k  (• Ok/Ou ]x-~o e~ ~ 
- -  ) z 2  

eiP+ = Q+ (sii ~ - -  ceV? - -  rle~ p~ + ~tj 

+ , o  ( s r  - -  ce~§ - ne;~+). (1.8) 

F o r  eij+ we ob ta in  

U + . ei i+ = '/~ (ui+ q- j,i) (1.9) 

T h e  l i n e a r i z e d  e q u i l i b r i u m  e q u a t i o n s  and  b o u n d a r y  
c o n d i t i o n s  on S F have  the f o r m  [10]: 

%5 + (~~ + x ? - -  pu~'+ = o, 

aij+ni + aj2u~,~.n j = pi + . (1.10) 

R e l a t i o n s  (1.10) w e r e  ob t a ined  fo r  an e la s  t ic  body,  
bu t  s i n c e  they have  a g e o m e t r i c  s i g n i f i c a n c e  u n r e l a t e d  
to the  p r o p e r t i e s  of the body they can  a l s o  be u s e d  for  
i n e l a s t i c  bod i e s .  

E l i m i n a t i n g  the  q u a n t i t i e s  e i j e+  and  ei jP + f r o m  r e -  
l a t i o n s  (1.8), (1.9), we o b t a i n  

= ~~ [2rt~j + - -  213~ (3~ + 21~) %.~8~j - -  

U.+ 
-~q ( ~,j + ui,+O + q~i[l  + k-~ [~u.,.~'*8~, + 
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o o o o - -he :  ~. ~ (s~ --ce~.. - - q e  "p. L ( 1 . 1 1 )  

[2Fz~i + - -  ~/~lx (3L + 2F) u~..~(5~i - -  

-: t- q~i) + ] (s~ ~ - -  ce~. ~  ~l e'~~ = 

=k~e~ ~ [~%,~6~ + tt (%} + %~) - -  %+], 

ki = 2k (uo) Ok/O• I . . . .  �9 (1.12) 

The  u n p e r t u r b e d  e q u i l i b r i u m  wi l l  be s t a b l e  or  un- 
s t a b l e  depending  on the behav io r  of the p e r t u r b a t i o n s  
as  t i n c r e a s e s  without  bound. 

2. We find the so lu t ion  of Eqs .  (1 .10) - (1 .12)  in the 
form:  

ul + (x~, t) = ] .  (t) q%~ (x~), 

a~+ (x,, t) - -  ~2m (t) z~,= (z~). (2.1) 

Here ,  in ( t )  and ~,m(t) a r e  c e r t a i n  funct ions  of t ime ,  
CPin(X k) a r e  the e i g e n v e c t o r s  of the e l a s t i c  p r o b l e m ,  
and 

z~;m (x~) = L(~ . . . .  6~j + 2~t (~im, ~ + (~m, 0" (2.2) 

We r e w r i t e  the equat ion of G a l e r k i n ' s  method  [10] 
in the form:  

v v 

8F 

(m = 1, 2, 3 . . . . . . . .  ). ( 2 . 3 )  

Subs t i tu t ing  e x p r e s s i o n  (2.1) into (2.3) we obta in  the 
s y s t e m  of equat ions  

d~/m/dt ~ + b m ~ f n  - -  a m ~  = 0 

(m = t ,  2, 3 . . . . . . . .  ), ( 2 . 4 )  

SF V 

bran = I gP,+((P,n)(Plm d s  "J7 g Xi+(Tin)(plradV - 
s F v 

--  I a~.,~c#,m, flV. ( 2 . 5 )  
V 

Subst i tu t ing  (2.1) into (1.11) a f t e r  m u l t i p l y i n g  by 
(~ijn and i n t e g r a t i n g  ove r  the vo lume V, we obta in  

d~2ra 
Ainu "~t + B m n f m - -  G m n ~  @ Dmn~)m = 0 

(n = 1, 2, 3 . . . . . . . .  ). ( 2 . 6 )  

Am,, I [aZ,%.=,~,6~ + alz (q~.,,~ + %m,d - -  
V 

- -  k-Zf~~ ~ (Z, tpem, A.~ + Ix (%,~, t + qhm. ~)) ] %,dV, 

Bm~ = I [ al%m' ~6i~ + a~ (~m, ~ + COrm, ~)1%~d V, 
v 

o [8 o ce.P ~ v,r 

Cmn = t [aZijm+ k-2z~lmf~t~176 a~,~dV, 
v 

Dmn = f asziJmzlJrflV' (2.7) 
V 

a = t + 2~t~ ~ a~ = 2 ~  ~ [z/3F (3L + 2F) + c~ ] ,  

a~ = 2clx~ ~ a3 --  2r ~ ( 2 F -  c) (2.8) 

R e l a t i o n  (1.12) r e d u c e s  to the f o r m  

And/~/dt -{- Bnfn - -  C J ~ . / d t  - -  Dn~ ~ = 0 

( n = t ,  2 ,3  . . . .  ), (2.9) 

An = I A7 [Lrl%:n,e 8~i + ~q (q%,.j + %~,01 dV, 
V 

+ (chj ~ + kle~ ~ (X%~, A J  + u ((~, 5 + ~ , d ) ]  dV, 

C n = q  i ' 
v 

D~ = f (2~ § c -5 k~) (AF -5 eCP) %~dV. 
V 

(2 .10)  

The s y s t e m  of l i n e a r  d i f f e r e n t i a l  equat ions  (2.4), 
(2.6), and (2.9) can be r e d u c e d  to the n o r m a l  f o r m  

dz/dt = D (t) z ,  (2.11) 

w h e r e  z = ( f p f z  . . . . .  f m  . . . .  ; r ~2 . . . . .  ~ m  . . . .  ; 
01, 02 . . . . .  0 m . . . .  ) is  a v e c t o r  and D s o m e  o p e r a t o r .  

The system of equat ions (2.4),  (2.6),  (2.9) can  be  represented in 

the form A d z / d t  + Bz = 0, where A and B are in f in i te  ma t r i ces  

A =  I 0 0 , B =  0 - I �9 (2.12) 

o o z IIb~j a~ o 

Here, Aij, Bij, Ci j ,  Dij, a i j ,  and bij ( i ; j  = 1 , 2 , 3  . . . .  ) -a re  m2. 
f in i te  ma t r i ces  whose coeff ic ien ts  are de te rmined  by (2.8), (2.7), 
and (2.9),  I is the in f in i te  iden t i ty  ma t r ix ,  and 0 the in f in i te  nulI  
ma t r i x .  

Let R be  some operator :  [o,0] 
R = Bij -1 BifflAij 0 . 

0 0 I 

We assume tha t  the m a t r i x  Bij is i nve r t i b l e .  The operator  R is the 
inverse  of m a t r i x  A, s ince  AR = RA = I. Then equa t ion  A d z / d t  + Bz = 0 
can be  wr i t ten  in the  form 

dz/dt -}- A-1Bz ---- 0. 

Thus, s y s t e m  (2.4), (2.6), (2.9) r e d u c e s  to the n o r -  
real  f o r m  (2.11), w h e r e  

[0 0 ] o 
D = -  BiT1Cii BiT1Dif BiT1Aii . 

L aij bij 
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3.  L e t  u s  c o n s i d e r  E q .  ( 2 . 1 1 ) .  It i s  a s s u m e d  t h a t  

l iD (t, [~) - -  C ([3)It --~0 a s  t - -~c~ .  (3 .1)  

T h e  d i f f e r e n t i a l  e q u a t i o n  (2 .11)  g o e s  o v e r  i n t o  t h e  

d i f f e r e n t i a l  e q u a t i o n  w i t h  c o n s t a n t  c o e f f i c i e n t s  

dz]d t  = C (~) z .  (3 .2)  

Let the spectrum of the operator C lie in the left half-plane. Then 
for the operator e ct we have the estimate ([11], p. 20) 

[I ea.l['.< Ne -~t (v > 0). (3.3) 

Together with Eqs. (2.11) and (3.2), we consider the system of 
differential equations 

dz/dt  = [D (t, [5) ~ 6I] z, dz/dt  = [C (~) "q- 61] z.  (3.4) 

Here, 5 is so small that the spectrum of the operator C + 5I lies in 
t1~e 1eft half-plane,  and for the operator e(C+5I) there is an estimate 

F i g .  i 

of type (3.3). Then there exists a bounded quadratic form 

r  

W (z) = f (e(C§ z, e (C+6Dt z) dt .  (3.5) 
0 

In fact, 
c o  c o  

W (z) = f It e(~+~z~ t z I1' dt < Nzll z I1~ f e-v't dt < ~ ,  
0 0 

i . e .  , 

oo 

(Na le d,), z,l  = 
0 

where N O and N~* are certain positive constants. 
In view of system (3.4) the total derivative of this function W(z) 

will be 

r (z) [C -}- 511 z = --l[ zll ~ �9 (3.7) 

And this, in view of Lyapunov's general theorem of stabiIity 
[12, 13], compels us to conclude that the function W given by Eq. (3.5) 
is a Lyapunov function in the sense of the stationary equation (3.4). 

Fig. 2 

We will find the total derivative with respect to t of the function 
W. In view of system (3.4), 

F (z) [D (t, 13) @ 511 z = 

o o  

= 2 I (e(C+sl)'~z' e(C+sI~ ~D (t, ~) 'z) ds § 
o 

oo 

A- 28 I (e(C~l) s z, e (c+sz) s z) ds .  (3.8) 
0 

Since 

co 

28 f (e(C+~D t z, e (c+~'l) t z) dt 
o 

oo 

= [[ z ]]~ - -  2 f (e(C+~l) t z ,  e (C+~1) t C (~) z) d r ,  

o 

we rewrite (3.8) in the form 

r (z) [D (t, ~) + 811 z = --[I z '1 ~ + 2 _~ (Jc§ ~ z, 
o 

e (c+~I) ~ [D (t, ~) 7 r (~)1 z) ds. 
(3.9) 

Since W is a quadratic form with constant coefficients, there is a 
nonzero number ~(J3) such that when the inequality 

liD (t, ~) - -  C (~)ll < 

is satisfied the right side of the last relation is a positive definite 
quadratic form of the variable z. 

Since D(t, /3) tends to the limit C(/~) as t increases without bound, 
for any ~, however small, there is a T such that at t -> T the absolute 
value of the differences D(t, /5) -- C($) will be smaller than s and, 
consequently, for all values of t exceeding T the derivative 
Y(z) [D(t, iS) + 5I] z will be a negative function. 

T h u s ,  w e  h a v e  t h e  f o l l o w i n g  t h e o r e m .  I f  t h e  s p e c -  

t r u m  of  m a t r i x  C l i e s  in  t h e  l e f t  h a l f - p l a n e ,  t h e  u n -  

p e r t u r b e d  m o t i o n  o f  t h e  n o n s t a t i o n a r y  s y s t e m  i s  

a s y m p t o t i c a l l y  s t a b l e  in  t h e  L y a p u n o v  s e n s e .  
H e n c e  w e  m a y  c o n c l u d e  t h a t  a s  t ~ ~o t h e  s o l u t i o n s  

of  E q s .  (2 .11)  b e h a v e  a p p r o x i m a t e l y  i n  t h e  s a m e  w a y  

a s  t h e  s o l u t i o n s  of  E q s .  ( 2 . 3 ) .  

Q8 

/ ,  

o o.z a4 0.8 

Fig. 3 

4. The theorem proved makes it possible to sim- 
plify o u r  i n v e s t i g a t i o n  of  t h e  b e h a v i o r  of  t h e  s o l u t i o n  of  

s y s t e m  of  e q u a t i o n s  ( 1 . 1 0 ) - ( 1 . 1 2 ) .  

I f  i n  t h e  c o e f f i c i e n t s  of  E q s .  ( 1 . 1 0 ) - ( 1 . 1 2 )  w e  l e t  

t t e n d  to  i n f i n i t y ,  t h e n  in  t h e  l i m i t  w e  o b t a i n  a s y s t e m  

o f  e q u a t i o n s  w i t h  s t a t i o n a r y  c o e f f i c i e n t s .  

F i n d i n g  t h e  s o l u t i o n  of  t h e  l i m i t i n g  s y s t e m  of  e q u a -  

t i o n s  i n  t h e  f o r m  (2 .1)  b y  t h e  m e t h o d  d e v e l o p e d  in  w 

w e  r e d u c e  t h e  s o l u t i o n  o f  t h i s  s y s t e m  to t h e  s y s t e m  of  

o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  

d z / d t  = C([5) z ,  (4 .1)  

the operators D(t,/3) in (2.11) and C(fi) in (4.1) possess- 
ing the properties (3.1). Thus, the stability of the solu- 
tion of system (1.10)-(1.12) can be investigated with 
respect to the limiting system of equations on the as- 
sumption that series (2.1) converge. 

Letting the time t in (i.i0)-(i.12) go to infinity, we 
obtain the limiting system of equations in the form 

o.. + q_ (zj oui,~) j § X~+ __ pu('+ = 0, 

xug +~j  + ~ (uL~ + u;,~) - -  %+ = k-2 [ku L + ~  + 

-I- I l (~z~/,+ l + Wz~ ) - -  a'~+ll (s~z ~ - -  ce~ ~ (s~i ~  eel~ ' 

{(21~ + c) z i f - -  [~/sl~ (3L + 21~) + 
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+&] +.__ =.1)__ 

- ~ + '  ("i ,  ~s - -  ~e~~  = ~rl ~,~ij--I~rl , + , + ' 1 %  + } ( s ~  ~ 

= kleV~ ~61~ + ~ (u~.~ + u~. +) -- oil+l, (4 .2 )  

w i t h  b o u n d a r y  c o n d i t i o n s  a t  t h e  s u r f a c e  S F 

6 t j + n i  "-~ 6 j k ~  = p t  + . (4 .3 )  

I n  i n v e s t i g a t i n g  t h e  b o u n d a r y  v a l u e  p r o b l e m  (4 .3 )  

f o r  E q s .  (4 .2 )  w e  w i l l  u s e  t h e  m e t h o d  d e s c r i b e d  i n  [ 10 ] .  

T h e  s o l u t i o n  o f  t h e s e  e q u a t i o n s  i s  f o u n d  i n  t h e  f o r m  

u~ + (x~, t) = U i (x~) e i ~ ,  

5 j~  + ( x l ,  t )  = Zi~ ( x l )  e i~ t  . ( 4 . 4 )  

S u b s t i t u t i n g  (4 .4 )  i n t o  ( 4 . 2 ) ,  w e  o b t a i n  

% ,  ~ + (o~~ D, ~ + X~ (U~; o)  + po~Ui  = 0, 

~ n ;  + ~ 2 U u ,  n ~ = Pi (U~; o ) ,  

~ U ~ ,  ,,#~i + P, (U~,~ + U~,i) - -  z~  = k -~ [~U~, ,~6~.~ § 

e~l )(s~i --ce~ i ), ( 4 . 5 )  

L " ~  i ~ [ ( 3 k  + 21') ---L ck -F skvl] {(2~+c+sq) - -  Oi] U~ 

- -  (c~ + s~q) (U~,  ~ + g.~, 0} (s~7 - -  c e f f )  = 

--  k~e~~ + 1* (U~,~ -F U~,O - -  ~ i ] ,  s = i o .  (4 .6 )  

F r o m  (4 .6 )  w e  c a n  o b t a i n  

% (x3 = ~U~, ~6~ + ~.(U~, .i + U~, 0 + 

.~_ 2p'2 [etaU-k, k6tm - -  (Ul, m 4- Urn,Z)] (Slm~ - -  velPm~ 
-2 pC o po~ ~ X 

lc~ [2~  4 -  c4 -  s~ I 4 -  k i k  elm (Slm --Celr n )1 

X (sii ~ - -  ce~; ). ( 4 . 7 )  

E q u a t i o n s  (4 .7 )  m a y  b e  t r e a t e d  a s  t h e  r e l a t i o n  b e -  

t w e e n  t h e  s t a t e s  of  s t r e s s  a n d  s t r a i n  in  a n  a n i s o t r o p i c  

e l a s t i c  b o d y  w i t h  c o m p l e x  m o d u l u s  o f  e l a s t i c i t y .  

B y  r e p e a t i n g  t h e  a r g u m e n t s  o f  [ 10] i t  c a n  b e  s h o w n  

t h a t  i f  t h e  e x t e r n a l  f o r c e s  p o s s e s s  a p o t e n t i a l ,  l o s s  o f  

s t a b i l i t y  c a n  o e c u r  o n l y  i n  t h e  s t a t i c  i n s t a b i l i t y  m o d e ,  

s i n e e  i n  t h i s  c a s e  t h e  c o r r e s p o n d i n g  p r o b l e m  i s  s e l f -  
a d j  o i n t .  

5. As an example we will investigate the stability of the process 
of deformation of a rectangular infinite strip compressed by a uniform 
pressure p applied on two opposite sides (Fig. 2). 

We will consider the case of plane strain, i . e . ,  loss of stability 
occurs in the plane xlOxx. Neglecting, for simplicity,  compressibility 
and assuming that k = const, we write relation (4.7) in the form: 

~Y --zSii = ~  (Ui, 5 + Ui, ~) -- 

2 V2 ~. (~,~ _[y~, r  ) (5.i) k (2~t @ c) (sii~ - -  ceiiP~ G = 1/8  6 k ~  r �9 

The state of stress in the strip up to the loss of stability is deter- 
mined by the expressions 

Gll~ = -- ]91 (J2~ ~ = 0, GI2 ~ = 0, 

ell  p~  = - -  e22 p~  = (k  } f ~  __ p )  / 2c, el2 p~ = 0 . ( 5 , 2 )  

The equilibrium equations, determined from (4.5) using (5.2), 
are written as follows: 

011,I + ~i~,~. -- PUi,II = O, 

~12,1 -i- G,~, 2 -- PU2.~ = 0. (5.3) 

The boundary conditions have the form 

~22 = 0 ,  O12 : 0 at xi = :J: l, x2 : :j: m.  (5.4) 

Using equilibrium equations (5.3), the stress-strain relation (5.1), 
and the incompressibility condition, we obtain the starting system of 
equations 

(27o + Pc-- 1) U l m - -  Utah,-- (t + Po) U~,m + 

4- (t - -  2yo) U2a22= 0 

U~,I + U=,2= O, p/ta = 2o0, 

c/t* = co, 8/(2 + c0) = 7o. (5.5) 

The solution of Eqs. (5.5) should be found in the form 

U1 = / 1  (x2) sin axl, U~ = h(x2) COS axe. (5.6) 

After substituting (5.6) in (5.5) we obtain an equation for the func-  
tion ~(x2): 

d412/dx24-  r 2 (2 - -  po - -  Yo) d2/2/dx~ ~-  ~4  (1 - -  ])0) f~ = 0.  ( 5 . 7 )  

Equation (5.'/) is easily integrated. The function f2(x2) found from 
(5.7) is a sum of even and odd functions. 

Confining our attention to the lateral buckling of a plate, we obtain 

/e (x~) ~ A1 ch mix2 4 -  A ~  ch w~x.,, �9 (5.8) 

Here, A i are arbitrary constants, 

wl = {(lh~ D {(2 - 7o - po) + [(po + 7o) ~ - -  4Vo?/~ }}'/.,, 

w~ = {(%aD {(2 - -  Yo - -  Pc) - -  [(pc + 70) 2 - -  470Ph }W2 �9 

After determining fl(x2) and fz(xz) we find U I and U z. Using rela-  
tions (5.1) and equilibrium equations (5.3), we obtain the stress compo-  
nents of the perturbed state, whose substitution into the boundary con- 
ditions (5.4)at the free surfaceleads to the consideration of a system of 
algebraic linear homogeneous equations in the constants of integration. 

In the event of loss of stability this system has a nontrivial solution, 
i . e . ,  its determinant is equal to zero. Hence for determining the cri-  
t ical  pressure we obtain the equation 

w~ (~- -- w;-) [wp -- ~ (1 -- po)] 
w, (a2 - -  wp) [w2 = - -  a -~ (1 - -  p0)] -- th (row=) cth (,nwl). (5.9) 

In the same way (only the root indices of the trigonometric coef-  
ficients change) we can obtain an equation for determining the cri t i-  
cal load, assuming bilateral bulging in compression or necking in 
tension. 

The boundary conditions wil! be satisfied if c~ = ngr/l (n is the 
number of half-waves).  For thin strips Eq. (5.9) can be simplified, 
since it is possible to use a power series expansion of the tr igonomet-  
ric coefficient,  l imited,  in view of the smallness of the: thickness as 
compared with the length, to the second order: 

P03 - -  [(1/~ - -  To] Pa 2 4- 7o (2 4- c~2m270) P0 - -  (:ZmTo) 2 -- O. (5.10) 

Figure 3 is a graph of the cri t ical  !cad versus (am)  2 = g for Eq. 
(5. i0). 
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